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INTRODUCTION 
In this paper we deal with those trivalent planar maps which are 
3-connected. One vertex is rooted and its three incident edges are distin- 
guished as the first, second, and third major edges. We determine the 
asymptotic behavior of the average number of Hamiltonian polygons, 
passing through the first and second major edges in such a map of 
2n vertices. This will give information on the number of colorings of such 
maps. 
1. While all of our required definitions are given by Tutte [l], we 
repeat those that are basic to our discussion. 
We define a planar map M, henceforth simply a map, to be a represen- 
tation of the 2-sphere (or closed plane) as a number of disjoint point sets 
called cells. The cells are of three kinds, vertices, edges, and faces having 
dimension 0, 1, and 2, respectively. Each vertex is a single point. Each 
edge is an open arc whose ends are distinct vertices. Each face is a simply 
connected domain whose boundary is a simple closed curve made up of 
edges and vertices. We denote the set of cells by C(M). 
Two cells whose dimension differ are incident with one another if one 
is contained in the boundary of the other. 
Two maps M and N are isomorphic if there exists a l-l mapping f of 
C(M) onto C(N) with the following properties: 
(i) f preserves dimension; 
(ii) both and f-l preserve incidence relations. 
We call a map trivalent if each vertex a is incident with precisely 
three edges. We say a map is 3-connected if we may remove any two edge 
and still pass from any one vertex to any other along vertices and edges. 
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A trivalent map is rooted if one vertex is distinguished as the root and 
its three incidence edges are distinguished as the first, second, and 
third major edges. Two rooted trivalent maps M and N are equivalent if 
and only if there is an isomorphism of A4 onto N which preserves the root 
and first, second, and third major edges. 
A polygon in a map is a simple closed curve map up of edges and 
vertices of M. It is a Hamiltonian polygon if it includes all the vertices. 
A Hamiltonian rooted map is a rooted map M in which one Hamiltonian 
polygon passing through the first and second major edges is distinguished 
as the principal polygon. Two Hamiltonian rooted maps are equivalent if 
and only if there is an isomorphism of one onto the other which preserves 
the principal polygon as well as the root and each major edge. 
2. Let U, denote the number of inequivalent Hamiltonian rooted 
trivalent planar maps of 2n vertices. Let v, denote the number of 
inequivalent 3-connected Hamiltonian rooted trivalent planar maps of 
2n vertices. Then Tutte [l] has shown with 
U(x) = f l&x” 
PI=1 
and with 
V(x) = f v,xn 
n=l 
that V(x) satisfies the functional equation 
U(x) = V(x{l + 2WW), 
that 
(2n)! (2n + 2)! 
un - f n! [(n + I)!]+ + 2)! ’ 
and it is pointed out that 
1 - 2x - 4xU(x) = F(--3, ;, 2; 16x). 
Furthermore, Mulhn [2] has shown that 
V(x) = U(x(l + 2 V(x))-“> 
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and derived the following explicit formula for v, 
42 = & i (-9-l (2n +,’ - ‘) u,,, 
where u,,, is the coefficient of xn in the expansion of U’(x). 
We first of all determine the radius of convergence of the series C v,xn. 
THEOREM 1. The radius of convergence R of C v,xn is (l/16){ 1 + 
2U(1/16))a and the series converges for x = R. The same statement hola!s 
for C nv,xn. Since F(-l/2, l/2,2; 1) = 8137~ it follows that R = 
4(1 -- (8/37~))~. 
Proof. First of all, since x(1 + ~U(X)}~ is a continuous monotone 
increasing function, if y < (l/16)(1 + 2U(1/16)}2 then y = (l/16)(1 + 
~U(X)}~ for some x < (l/16). 
Also 
f v,yn = M 
la=N 
n;N%[x(l + 2wYl" < c unx" < 4w, 
7h>N 
hence the radius of convergence is 3 16-l{1 + 2U(16-1)}2. 
From now on we take R = (l/16)(1 + 2U(1/16))2. 
For V(x) = U(x(1 + 2V(x))-3 we obtain that for ] x 1 < R 
V{x( 1 + 2 V(x))-“) 
v’(x) = [( 1 + 2 V(x))8 + 4xU’{x(l + 2V(x))-2)]( 1 + 2 V(x))-’ * 
(2-l) 
Since as x + 16-l{l + 2U(1/16)}2, x(1 + ~V(X)}-~ --f l/16 we obtain 
that V’(x) approaches a limit as x -+ R. Since nV, > 0 a theorem of 
Hardy-Littlewood implies that the series for I”(x) converges for 1 x [ = R 
[4, p. 1541. 
It follows upon differentiating Eq. (2.1) that V’(x) does not approach 
a limit as x + R, hence R is indeed the radius of convergence. 
THEOREM 2. V(x) is infinitely often continuously djkentiable on any 
closed arc of j x / = R which does not contain x = R. 
Proof. The following facts about F(-l/2, l/2, 2; x) are given in [3]. 
The only branch points of F(- l/2, l/2,2; x) are at co and 1. In the 
neighborhood of 1 we have [3, p. 74, Eq. 21 for 1 z 1 < 1, 1 1 - z / < 1. 
F(-l/2, l/2,2; 1 - z) = 5 a,zn + z2 log z f b,zn 
?l=O ?I=0 
(2.2) 
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where the values of a, and b, can be given explicity, but for the main lines 
of our argument these values are not important. 
In the neighborhood of co we have 
F(-l/2, l/2,2; 1 - 2) 
= (-z)-112 f [c, + d,, log(-z)] z-” + (-z)liz a. 
?k=O 
(2.3) 
Now let x = Rei”, 0 < r$ < 29~. Then / x(1 + 2 V(x))-2 / > 
R(l + 2 / V(Rei”)l)-2. Since a1 = v2 = 1 1 V(Rei”)l < / Rei” + R2ezi* 1 + 
Cz=‘=, v,R” < V(R). Hence / x(1 + ~V(X))-~ I > R(l + 2V(R))-2 = 16-l. 
It is very essential that 2V(x) # 1 for 1 x I < R. Indeed: 
1 V(x)\ < V(R) = U(1/16) = (7/2) - (32/3~r) = 0.105. 
We can now complete the proof by induction. By differentiating Eq. (2.1) 
we see that V”(x) is continuous where U”(x(1 + ~V(X))-~) is continuous 
and where also the denominator is continuous and nonzero. Since 
U(x) = 2 - 
F(-l/2, l/2,2; 16x) + 1 
x 
we see from (2.3) that U(x) and any derivative of U(x) is continuous at the 
branch point at infinity. The denominator in Eq. (2.1) is never zero since 
if it was we must have U’(x(1 + ~V(X))-~) = 0 (otherwise V’(X) is 
unbounded). This means, however, that 1 + 2V(x) = 0 and from 
Eq. (2.3) we see that (1 + 2V(x))-l U(x(1 + ~V(X))-~) -+ ax-1/2 # 0 as 
1 + 2V(x) -+ 0. This contradiction shows that the denominator is 
nonzero, hence V”(x) and by repeating the process all the derivatives are 
continuous at x = Rei*, 0 < C$ < 2rr. 
THEOREM 3. V(x) - a(R - x)” log(R - x) is 3 times continuously 
dlfirentiable on I x 1 = R, except for a singularity at R which is 
O{(R - x)” log(R - x)} 
R = 4(1 I 8/39~)~, 
8(1 - S/3+’ 
a = Tr(4/9r - 1)” * 
Proof. Recall that x = y( 1 + 2U( y))” and y = x(1 + ~V(X))~ are 
equivalent and imply U = V. From Eq. (2.2) we have U(16-l - y) = 
P( y, y2 logy) where P is a power series in two variables. We can derive 
from this that there exists an E > 0 such that V(R - x) = Q(x, x2 log x) 
for I x / < E, j 1, log x 1 < n where Q is again a power series in two 
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variables. The numerical value of R and of the coefficient of the term 
x2 log x may be determined without difficulty in principle from Eq. (2.2) 
although the calculations are rather tedious. 
The theorem now follows from Theorem 2. 
We may now determine the asymptotic behavior of the D, by the method 
of Darboux. We quote from [5]: 
Let f(t) = CzzO a,t” be holomorphic for 0 < I t 1 < Y. Let g(t) = 
CzCp=_m b,t” be holomorphic in 0 < 1 t 1 < r and suppose that coefficients 
b, have known asymptotic behavior. Iff(t) - g(t) is m times continuously 
differentiable on the circle 1 t 1 = r except for certain singularities tj at 
whichf(“)(t) - g(“)(t) = O{(t - #j-l} where uj > 0, then 
a, = b, + ~(r-%-~}. 
The method of Darboux and Theorem 3 yield: 
THEOREM 4. An-+ az~ 
v, - ft4~n8/31;);8 n-3(4-1(l - 8/3~)-~)” 
(approximately 4-l(1 - 8/3~)-~ = 10.93929743 and 
(1 - 8/3~)~ 
7T(4/7r - 1)2 
= 0.0974350346). 
Although v, is known exactly only for it < 10 we include a comparison 
of the true and asymptotic value for n = 5 and 10 
n True value Asymptotic value 
5 80 122.1102958 
10 1731652 2391164.472 
Let qn denote the number of inequivalent 3-connected trivalent rooted 
maps of 2n vertices. Then Tutte [6] and Mullin [2] have shown that 
2! (4n - 3)! 3112 256 n 
qn = n! (3~2 - I)! - 16(2~r)‘&~ ( ) 
-. 
27 
The quantity v,/q, is the average number of Hamiltonian polygons in a 
three connected rooted trivalent planar map passing through the first 
and second major edges. We may thus determine the asymptotic behavior 
of this average; 
v&In -; (g-)” 
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where c = -32aR2(2rr/3)l12 = 2.256131625, 
27 
- = 1.153754025. 
256R 
Note that ‘I’utte [l] has shown that if p,, denotes the number of inequiv- 
alent rooted trivalent maps of 2n vertices, then 
2”+‘(3m) ! 
‘71 = n! (2~ + 2)! * 
Hence u,/p, denotes the average number of Hamiltonian polygons passing 
through the first and second major edges and 
hJP?l - &n-l/2 (g)‘“. 
Since 32/27 = 1.185185185 we see that although it is very much easier 
to construct 2-connected trivalent maps which do not have Hamiltonian 
polygons than it is to construct such 3-connected trivalent maps 
(Tutte [7]) on the average the 2-connected maps have more Hamiltonian 
circuits. If the restriction to Hamiltonian circuits passing through the 
first and second major edges is removed the above averages must be 
multiplied through by 3. Tutte [l] points out that if it is assumed that 
almost all maps with a specified Hamiltonian polygon are without non- 
trivial automorphisms then the average numbers of Hamiltonian polygons 
in unrooted trivalent and 3-connected trivalent maps are asymptotically 
equal to 3 times u,,Jpn and v,,/qn respectively. 
Since the number of 4-colorings is greater than or equal to the number 
of Hamiltonian polygons (2.9) gives a bound on the average number of 
Ccolorings. 
Finally (2.9) shows that there exists a rooted 3-connected trivalent map 
on 2n vertices with more than (-aR2(3)‘i2 8-1(27r-1/2 - l )(256/27R)~ 
Hamiltonian circuits for all n > n(c). It also shows that if f(n) is any 
function which tends to infinity with n then almost all, that is 
(I + o(l)) q(n), of the 3-connected rooted trivalent maps have 
Hamiltonian circuits. 
-c f(n) +(256/27R)” 
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